Multimolecule Brownian dynamics simulation results for diffusion controlled polymerization of bead-rod chain molecules in 2D solution are presented. Reaction between any two molecules undergoing Brownian diffusion takes place if the reactive chain ends approach each other to within a certain reaction radius, and if the chain end carrying segments are collinear within certain specified limits. The second order reaction rate constant is found to decrease with time as the molecular lengths increase and the diffusivities decrease. Application of a shear flow is seen to result in alignment of the molecules along the flow direction, thereby enhancing the concentration of molecular pairs with parallel orientation of reactive-end carrying chain segments, and hence the overall reaction rate. This effect is found to be more pronounced in the case of long rigid molecules as compared to flexible molecules because of the slow rotation and high level of orientation under flow of the former. Even the molecular weight distribution (MWD) obtained during polymerization may be affected. For example, longer molecules have lower diffusivities and hence lower reactivities, resulting in a narrower MWD in the absence of flow, as compared to the results with the usual assumption of molecular reactivity being independent of chain length. Furthermore, in the presence of an external flow, the longer molecules orient to a higher degree and hence display a higher enhancement in reactivity. This results in a wider MWD of the polymer. The simulation results are in qualitative agreement with previous experimental data for solution polymerization of rod-like molecules.
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I. INTRODUCTION
Polymer reactions may become diffusion controlled during bulk or solution polymerization as the molecular weight increases and the diffusivity of the polymer molecules decreases. An important example is the Tromsdoif effect in which diffusional limitations slow down the termination reactions in free radical polymerization, resulting in a rapid increase in the molecular weight.! Other examples are the propagation step in free radical polymerization, cross-linking polymerization with trapping of chain ends, etc.
l -4 Instances of diffusion controlled step-growth polymerization have been reported only for rod-like polymers. 5 ,6 In this case, the molecules require near-parallel alignment for reaction, and the slow rotational diffusion of the molecules is found to limit the rate of reaction. 5 ,6 The analysis of diffusion controlled polymerization has been carried out in several previous works. In case of flexible molecules, segmental diffusion of the chain end is generally the rate controlling step and must be included in the theoretical development. I ,2,7-9 Recent theoretical analysis of diffusion controlled polymerization of rod-like polymers lO ,1I show that both rotational and translational diffusion of the molecules contribute to the overall rate of reaction, and the mechanisms of the reaction are considerably different as compared to flexible molecules.
An externally imposed shear flow can have two possi-')Current address: Chemical Engineering Division, National Chemical Laboratory, Pune 411008, India. b) Author to whom all correspondence should be addressed. ble effects on the polymerization reaction (i) an increased number of collisions between molecules due to the local velocity gradient;12 and (ii) an alignment of polymer chains along the streamlines. Using a simple analysis, it can be shown that (i) would have a negligible effect on the reaction rate due to the small reaction radius. !2 Mechanism (ii), however, could increase the success rate of collisions and thus the reaction rate when reorientation of the colliding segments to a suitable relative configuration is the rate limiting step. Only a few previous studies have considered the effect of flow on polymerization. De Gennes 13 has stated that the effective reaction rate constant for instantaneous reactions between polymer molecules in a melt is given by (1) where r is the shear rate, TR is the terminal relaxation time, and k(O) is the reaction rate constant in the absence of flow. However, details are not given. Silberberg l4 suggested that the reaction rate for polymers can be enhanced by an imposed flow because of the molecular alignment favoring the formation of co-operatively strengthened bonds. In a recent experimental study, 6 we have shown that the polymerization rate of rod-like molecules is enhanced on application of a shear flow due to orientation of the molecules.
Chain flexibility/rigidity and flow thus play an important role in the course of diffusion controlled polymerizations. An understanding of the role of these effects is important from a practical viewpoint since the rate of polymerization, the molecular weight, and the molecular weight distribution (MWD) are affected by them. 6 In this 3068 U. S. Agarwal and D. V. Khakhar: Diffusion-limited step-growth polymerization paper, we examine the effects of flow and chain flexibility on step-growth polymerization of bead-rod molecules in solution. Two oligomers are assumed to react instantaneously if the relative orientation and proximity of the chain ends satisfies certain prescribed limits. Due to the complexity of the problem, a multiparticle Brownian dynamics simulation is carried out. Brownian dynamics simulations have been used previously to study the cyclization of single flexible polymer chain. IS Allison et al. 16 have carried out Brownian dynamics simulation of reactions between protein molecules which are required to satisfy certain orientational criteria for reaction. In their approach, the Brownian trajectories for a single molecule in the neighborhood of a reactive sink are used to obtain the overall rate constant. Balazs et al. 17 have carried out a 2D simulation of the diffusion controlled clustering behavior of associating flexible polymer molecules containing stickers at each chain end. The main emphasis of the work is the study of the complex branched structures formed. No other previous works have considered a multi particle Brownian dynamics approach for polymerization. We first describe the bead-rod chain model for polymer molecules (Sec. II). The simulation procedure and the computational parameters are briefly described in Sec. III. The results are presented in Sec. IV and the conclusions in Sec. V.
II. MODEL DEVELOPMENT
The polymer molecules are modeled as bead-rod chains with mass and hydrodynamic forces concentrated at the beads. IS The (m + I) beads are linked by m rods, each of which can be considered to represent a chain segment made up of several repeat units. In dilute solution, the chains are assumed to experience negligible interchain forces, and are in relative motion as a combined effect of Brownian diffusion and hydrodynamic forces due to an imposed shear flow. In addition, the motion of the beads and the chain conformation is affected by constraints that maintain the segment length at the eqUilibrium value L, and the angle a j between neighboring segments near its equilibrium value aeq. Two chains are assumed to react if the end beads of different molecules approach each other to within the capture radius a, and the relative angle between the end links is close to a eq .
A. Motion of model chains
When inertial forces are neglected, the motion of the ith bead in a m + 1 bead chain is given by the Langevin equation [19] [20] [21] ( 2) where ri is the position vector of the bead i, v is the imposed bulk velocity, {; is the Stokes' friction factor, and Ai is the randomly fluctuating Brownian force acting on the bead. F i is the force exerted by the ith and the (i + 1 ) th beads on each other through the ith link. Hi is the force on the ith bead due to the angular constraints for the angles between the links ai-I' ai' and ai+I'
The imposed velocity field in the square domain is taken to be simple shear flow of the form (3) Since in this work we are mainly interested in the enhancement in reaction rate due to orientation by flow, we isolate this from the effect of shear flow on collision rate enhancement. This is achieved by modifying Eq. (3) as (4) where the SUbscript c.m. represents the center of mass of the whole molecule.
The bond angle constraint is expressed l9 in terms of a harmonic potential V as av H·=--
where Ya is a constant determining the chain rigidity.
The equation for bead displacement in dimensionless form is given by To prevent the accumulation of small length changes due to the time discretization errors, each displacement step is followed by a correction step in which bond lengths are adjusted consistently according to the procedure of Ryckaert et al 23 
B. Reaction between chains
Two chains of m and n link rods react if the chain ends approach each other within the capture radius (a) and if their relative orientation satisfies the criterion (cos aa-COS aeq)2 < Eor> (14) where aa is the angle of approach between the approaching end segments of the two chains, and Eor is a specified parameter and can be considered to be related to activation energy for reaction. If the reaction criteria are satisfied, then the reacting beads of the two chains are merged, and a single chain of (m + n) links is formed.
III. COMPUTATIONS
A random configuration of a number of chains is first generated. By calculating the chain motion in discrete time steps, the molecules are allowed to attain equilibrium configuration under the imposed flow, the Brownian motion, and the intrachain constraints. This is to account for the small time for reorientation under flow as compared to the time of reaction in real systems. In subsequent time, the moving chain molecules are allowed to react and form longer chains if pairs of them satisfy the reaction criteria. The details of the simulation algorithm are as follows:
No molecules of mo links each are initially distributed randomly over the square domain of side Ls. For each molecule, the first bead is placed randomly, and the subsequent bead positions are decided by the equilibrium link length and interlink angle (aeq)' The simulation is started at r=O and carried out by calculating the bead displacements in discrete steps of time intervals Ilr by numerical integration of the equations of motion for each chain. The molecular positions at the end of each time step are thus determined. Furthermore, at the end of each time step, we calculate the two-dimensional Herman's orientation function defined by t/J( r) = (2{cos 2 e) -1), (15) where e is the angle made by each segment with the x axis.
The brackets ( ... ) denote an average over all the segments of all the molecules at a time. This procedure is followed until the steady state is attained under the imposed flow, indicated by the flattening of the t/J-r curve. Thus, the equilibrium conformation of the chains is obtained before the reaction is triggered. At this time, all molecular pairs are examined to find if they satisfy the reaction criteria. Those satisfying the reaction criteria are repeatedly translated randomly over the square domain, so that none of the molecular pairs satisfy the reaction criteria any more. The clock is set again to r=O, the simulation is restarted, and carried out in discrete time steps, but with the additional consideration that all molecular pairs are examined at the end of each time step to find if they satisfy the reaction criteria. The two molecules of any such pair are translated towards each other along the shortest path (smaller than a) to join at the reactive beads and to form a single longer molecule. At the end of each time step, we calculate the following parameters: The number and weight average degrees of polymerization are obtained from
and
respectively, where N(i) is the number of molecules with i initial repeat units (each of rno links). The polydispersity index is (18) and the distribution of weight fraction of chain lengths is calculated from
In addition, the root mean square (rms) displacement of the beads (!:J..s~~) and the chain center of mass (!:J..5~), and the root mean square rotation of the end-to-end connector ( The dimensionless parameters used in the simulations are listed in Table I . The equilibrium configuration angle (aeq) is taken so that adjacent links in a chain are collinear. A relatively large reaction radius (a ' ) is taken to ensure a high rate of reaction, and a small value of Eor is used to impose a severe relative orientation requirement for reaction (Iaa-aeql ";0.01 rad for reaction). The effect of flow is evaluated by considering three different shear rates ( V = 10, 20, and 100) besides the no flow case (V = 0). In addition, the starting molecules are taken to be either single link (rno=l) or four links each (m o =4), and two different values for the chain rigidity (r~) are used ( Table  I) . r~=O corresponds to flexible chains and a high value of r~ corresponds to rigid chains. Model A corresponds to initially short, rigid chains (mo= I, r~= 1000). Model B corresponds to long (mo=4) stiff (r~ = 1000) molecules and model C corresponds to long The time step (aT) and system size (Ls) are computational parameters. The time step is taken to be small enough (a1"=0.0002) so that no otherwise feasible reaction encounter would be missed and system size (Ls= 10) is taken to be large enough that the results are not affected by further increase in Ls' The time step is also taken to be small enough relative to the stiffness parameter (r~) so that unrealistic displacements due to the bond angle constraints are avoided. The use of a predictor-corrector method for the integration step further precludes such effects. Each run is carried to desired time (T) of reaction.
The mn' p, nwU), and the rms displacement and rotation results are smoothed by averaging for 100 different initial configurations of the molecules. Each case required nearly 10 5 central processing unit (CPU) seconds of computing time on Cyber 180/840.
IV. RESULTS AND DISCUSSION
A. Orientation development
In the absence of flow, the orientation function (1/1) is nearly zero in all cases, corresponding to random orientation in 2D space. The primary consequence of the shear flow is to reorient the molecules along streamlines. The evolution of the orientation function is plotted in Fig. 1 . (The error bars in the figures denote the maximum and minimum values obtained for three different runs.) In each case, the orientation initially increases and then reaches a steady state. For the case A (mo= 1), we note that at higher shear rates, the initial rise in orientation factor is faster and a higher level of steady state orientation is obtained [ Fig. 1 (a) ]. Comparing between different models for the same shear rate (V = 10), we find that a higher level of steady state orientation is obtained for the longer and more rigid chains (model B) [ Fig. l(b) ].
B. The effect of diffusional limitations on reaction
Based on Flory's24 assumption of molecular reactivity being independent of chain length, for a second order stepgrowth homogeneous solution polymerization, the number average degree of polymerization is expected to rise linearly with time (20) where (Mo) is the initial monomer concentration and k' is the rate constant. Thus the slope of the m n --'1' curve is proportional to the overall reaction rate constant (k'), and a reduction in the slope would indicate a reduction in the reaction rate constant. For our simulations, the evolution of mn in the absence of flow is presented in Fig. 2 . The slope of the m n--'1' curve decreases initially (T < 0.1 ), corresponding to the transient effects which occur, while the local concentration gradients about each sink achieve their steady values. 25 At later times, the curves obtained are nearly linear, corresponding to a nearly steady state rate constant. Such a steady state is generally not possible for diffusion and reaction in 2D systems in which the rate constant is found to decrease with time. 26 However, in this case, a steady state is reached because of the additional dimension for diffusional flux contributed by the configurational diffusion of the reactive segments with respect to the molecular coil center. At still longer times (T > 0.8),
the reducing slope for model A is an indication of the increasing severity of the diffusional limitations with increase in m n' An examination of the rms displacements per step for each bead (a5~d) and for the center of mass of each molecule (a5~)' and the rms rotation of the endto-end vector (a~Se) shows that the translational and rotational diffusivities of molecules A indeed decrease with progress of reaction (Figs. 3-5) . However, for models B and C, the reduction in the rms displacements in the range of mn considered is smaller (Figs. 3-5) , and correspondingly, the slope of the m n --'1' curves is nearly constant (Fig.  2) . The slope of the m n --'1' curves (Fig. 2) , and hence the rate constant, is also lower for the longer chains (models B and C, compared to model A) because of their lower dif- Since the polydisperse polymerization system is made of chains of different lengths, an additional implication of the lower diffusivity of longer chains is the lower reaction rate constant for the longer molecules. While Flory's assumption of molecular reactivity being independent of chain lengths predicts that the polydispersity (p) increases linearly with conversion ( x= I-11m,,) p=I+x, (21) we find (Fig. 6 ) that p for model A is smaller than this prediction for high conversion (x> 0.25). This is because of the reduction in the reactivity of the longer molecules in the system reSUlting in narrower MWD. This deviation is observed only for the model A because the increase in the average number of repeat units (m,,) for models Band C in the ranges examined are small [less than 1.35 (Fig. 2) ] and the reduction in the reactivities is not appreciable. This also corresponds to a smaller decrease in the diffusivities for models Band C (Figs. 3-5 .0 -JL,--,-.-rl-r" " ".,-,.,-"""",,,, r, ,.., " " " " ""-"""'-""'1, where
While a good match with the simulation results is seen for model A for x < 0.25 (Fig. 7) , at higher x we note a preferential depletion and buildup of the smaller (i = I) and larger (i=2 and 3) molecules, respectively, resulting in the narrower MWD and lower polydispersity. The simulation results for models Band C, however, agree closely with the predictions of Eq. (22) for the reason mentioned above.
C. The effect of flow on reaction
In all cases, the application of shear flow increases the reaction rate (Fig. 8) . This is because when the orientation not due to enhancement in the collision rate is confirmed by comparing the rms displacements for different shear rates (Fig. 9) . Since the flow considered in this simulation [Eq. (4)] does not enhance the rms displacements at equilibrium ( Fig. 9) , when the comparison is made at same fii n , the reaction rate enhancement under the flow corresponds to increased orientation and not the collision rate. The enhancement of reaction rate by the shear flow of 1" = 10 is highest for the model B [ Fig. 8 (b) ], i.e., for the longer and the more rigid chains. This is because of their higher orientation under flow caused by the smaller rotational diffusivity as evidenced by their smaller a~se (Fig.  5 ). This lower rotational diffusivity is related to the requirement of the long rigid chain that the rotation of all constituent links must be cooperative. Figure 10 shows the variation of polydispersity index (p) with conversion (x) for model A and for t' = 10. The results for model A without flow are also shown in the figure. In the presence of flow, the polydispersity index is larger than the no flow case (t' = 0), indicating a wider MWD for the former for a fixed conversion. This is due to a larger increase in the reactivities of the longer molecules because of their higher orientation under flow. Thus the MWD for model A is wider and p is higher in the presence of flow. Similar results for cases Band C show that Flory's prediction is followed at t' = 10 as in absence of flow, and no effect of the flow on the MWD is seen. 27 This is because of the small change in length of the molecules during reaction for these cases, which results in only a slight change in reactivity of the molecules by orientation due to flow.
V. CONCLUSIONS
Brownian dynamics simulation results for diffusion controlled polymerization of three different models of bead-rod chain molecules are presented. At short time (1" <0.8), the molecular chain length is seen to increase nearly linearly with time, and the MWD follows Flory's prediction based on the assumption of molecular reactivity being independent of chain length. The diffusivities of the longer molecules are smaller and result in their lower rates of reaction. At long times (1" > 0.8), when the reduction in the molecular diffusivity with molecular length is sufficient, the rate constant for the diffusion limited reaction decreases. The MWD also deviates from the Flory prediction because of the lower diffusivity and reactivity of the longer molecules. These results are in qualitative agreement with experimental data for the polymerization of rod-like molecules which show a slowing of the reaction at high conversions and a polydispersity index lower than that predicted by the equal reactivity hypothesis.
5
The simulations of the reaction under externally imposed shear flow show that the flow aligns the molecules along the streamlines, and increases the rate of reaction to varying degrees depending on the chain length and rigidity, and the rate of shear. The orientation increase and the influence on reaction rate is more in the case of long rigid molecules. This has implications for the production of rigid polymers. The MWD is also influenced by an applied flow, thus providing an additional parameter for control of product properties. Again the results are in qualitative agreement with experimental data for rod-like polymers. 6 The approach presented here has the advantages of simplicity in problem formulation and the possibility of probing in detail the evolution of the polymerization reaction. Complexities such as competition effects between reactive groups, complex criteria for reaction, change in diffusivity with chain length, and imposed flow fields can easily be included as compared to theoretical analyses based on Smoluchowski's approach.1O In addition, the evolution of the product distribution is obtained in comparison to the effective rate constant obtained in the latter. The results reported in this work, however, are only qualitative because the analysis is carried out for a dilute 2D solution with the assumption of instantaneous reaction between the end groups. Extending the analysis to 3D solutions and incorporating intermolecular interactions is relatively straightforward and would only increase the computational intensity of the problem. However, including a finite rate of reaction (which corresponds to the radiation boundary condition in Smoluchowski's approach) would require a local theoretical analysis to relate the criteria for reaction to some macroscopic system parameters.
